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a b s t r a c t
We prove that Euler’s equation x1 ∂u∂x1 + x2 ∂u∂x2 + · · · + xn ∂u∂xn = αu, characterising
homogeneous functions, is stable in Hyers–Ulam sense if and only if α ∈ R \ {0}.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The stability of functional equations was originally raised by Ulam in 1940 in a talk given at Wisconsin University.
The problem posed by Ulam was the following: ‘‘Under what conditions does there exist an additive mapping near an
approximately additive mapping?’’ (see [1]). The first answer to the question of Ulam was given by Hyers in 1941 in the
case of Banach spaces in [2]: ‘‘Let E1, E2 be two real Banach spaces and ε > 0. Then for every mapping f : E1 → E2 satisfying
‖f (x+ y)− f (x)− f (y)‖ ≤ ε (1.1)
for all x, y ∈ E1 there exists a unique additive mapping g : E1 → E2 with the property
‖f (x)− g(x)‖ ≤ ε, ∀x ∈ E1’’. (1.2)
After Hyers’ result a great number of papers on this subject have been published generalizing Hyers’ theorem in many
directions (see e.g., [3–11]). Alsina and Ger were the first authors who investigated the Hyers–Ulam stability of a differential
equation (see [12]). They have proved that for every differentiable mapping f : I → R satisfying |f ′(x)− f (x)| ≤ ε for every
x ∈ I , where ε > 0 is a given number and I is an open interval of R, there exists a differentiable function g : I → R
with the property g ′(x) = g(x) and |f (x) − g(x)| ≤ 3ε for all x ∈ I . The result of Alsina and Ger was extended by
Miura et al. [13–15] and by Takahasi et al. [16] to the Hyers–Ulam stability of the first order linear differential equation
and linear differential equation of higher order with constant coefficients. Furthermore Jung [17–19] has obtained results
on the stability of linear differential equations extending the results of Takahasi, Takagi and Miura. The investigation of
Hyers–Ulam stability of equations with partial derivatives started recently and we should mention the results obtained for
the linear partial differential equation of first order by Jung [20,21] and Lungu and Rus [9,22].
The goal of this paper is to investigate the Hyers–Ulam stability of Euler’s partial differential equation characterizing
homogeneous functions, i.e.
x1
∂u
∂x1
+ x2 ∂u
∂x2
+ · · · + xn ∂u
∂xn
= αu (1.3)
where α ∈ R is a fixed number.
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Further, we denote by R+ the set of all positive real numbers, i.e. R+ = (0,∞) and by (X, ‖ ‖) a Banach space over R.
Recall that a function f : Rn+ → X, n ∈ N, is called homogeneous of degree α if the relation
f (tx1, . . . , txn) = tα f (x1, . . . , xn) (1.4)
holds for every t ∈ R+ and every (x1, . . . , xn) ∈ Rn+.
It is well known that a function u ∈ C1(Rn+, X) satisfies the Eq. (1.3) if and only if it is homogeneous of degree α (see [23]).
Let ε be a nonnegative number. We say that the Eq. (1.3) is stable in Hyers–Ulam sense if there exists δ ≥ 0 such that for
every u ∈ C1(Rn+, X) satisfyingx1 ∂u∂x1 (x)+ x2 ∂u∂x2 (x)+ · · · + xn ∂u∂xn (x)− αu(x)
 ≤ ε (1.5)
for all x = (x1, . . . , xn) ∈ Rn+ there exists a solution v ∈ C1(Rn+, X) of Eq. (1.3) with the property
‖u(x)− v(x)‖ ≤ δ (1.6)
for every x = (x1, . . . , xn) ∈ Rn+. In other words for every approximately homogeneous function of degree α, there exists
an homogeneous function of degree α that is close to it.
2. Main results
The following lemma is useful for the proof of the main result of this paper.
Lemma 2.1. Suppose that f ∈ C(Rn+, X) and α ∈ R. Then every solution u of the equation
x1
∂u
∂x1
+ x2 ∂u
∂x2
+ · · · + xn ∂u
∂xn
= αu+ f (2.1)
is of the form
u(x1, . . . , xn) = ϕ(x1, . . . , xn)+ xα1
∫ x1
a
1
sα+1
f

s,
x2
x1
s, . . . ,
xn
x1
s

ds (2.2)
where a ∈ R+ and ϕ ∈ C1(Rn+, X) is a homogeneous function of degree α.
Proof. Let u be an arbitrary solution of (2.1). Then, obviously
u = uh + up
where uh is the general solution of the linear equation (1.3) and up is a particular solution of the Eq. (2.1). Since uh = ϕ,
where ϕ ∈ C1(Rn+, X) is an arbitrary homogeneous function of degree α, we are looking for a particular solution of (2.1). Let
z1 = x1, z2 = x2x1 , . . . , zn =
xn
x1
(2.3)
be a change of coordinates. Then
x1 = z1, x2 = z1z2, . . . , xn = z1zn (2.4)
and let the functionw be defined by
w(z1, . . . , zn) = u(z1, z1z2, . . . , z1zn) (2.5)
or
u(x1, . . . , xn) = w

x1,
x2
x1
, . . . ,
xn
x1

. (2.6)
By differentiating with respect to x1, . . . , xn, from (2.6) we obtain
∂u
∂x1
= ∂w
∂z1
− x2
x21
∂w
∂z2
− · · · − xn
x21
∂w
∂zn
∂u
∂x2
= 1
x1
∂w
∂z2· · ·
∂u
∂xn
= 1
x1
∂w
∂zn
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and by replacing in (2.1), it follows that
z1
∂w
∂z1
(z1, . . . , zn) = αw(z1, . . . , zn)+ f (z1, z1z2, . . . , z1zn)
which is equivalent to
∂
∂z1

1
zα1
w(z1, . . . , zn)

= 1
zα+11
f (z1, z1z2, . . . , z1zn).
The integration with respect to z1 leads to a solution given by
w(z1, . . . , zn) = zα1
∫ z1
a
1
sα+1
f (s, sz2, . . . , szn)ds, a > 0.
Hence, a particular solution of the Eq. (2.1) is
up(x1, . . . , xn) = xα1
∫ x1
a
1
sα+1
f

s,
x2
x1
s, . . . ,
xn
x1
s

ds
where a is a positive arbitrary number. The lemma is proved. 
The main result on stability is contained in the next theorem.
Theorem 2.2. Let ε be a nonnegative number.
(1) If α ∈ R \ {0}, then for every function u ∈ C1(Rn+, X) satisfying (1.5), there exists a unique homogeneous function
v : Rn+ → X of degree α, such that
‖u(x)− v(x)‖ ≤ ε|α| , ∀x ∈ R
n
+. (2.7)
(2) If α = 0, then there exists a function u ∈ C1(Rn+, X) satisfying (1.5), such that for every homogeneous function v : Rn+ → X
of degree 0, we have
sup
x∈Rn+
‖u(x)− v(x)‖ = +∞.
Proof. (1) Existence. Let u ∈ C1(Rn+, X) be a solution of (1.5) and put
x1
∂u
∂x1
(x)+ x2 ∂u
∂x2
(x)+ · · · + xn ∂u
∂xn
(x)− αu(x) := f (x)
for x = (x1, . . . , xn) ∈ Rn+. Then u is given by (2.2), where ϕ is a fixed homogeneous function of degree α. The relation
ϕ(tx1, . . . , txn) = tαϕ(x1, . . . , xn), x1, . . . , xn, t ∈ R+,
for t = 1x1 leads to
ϕ(x1, . . . , xn) = xα1ϕ

1,
x2
x1
, . . . ,
xn
x1

therefore
u(x1, . . . , xn) = xα1

ϕ

1,
x2
x1
, . . . ,
xn
x1

+
∫ x1
a
1
sα+1
f

s,
x2
x1
s, . . . ,
xn
x1
s

ds

.
We distinguish two cases in the definition of v, as follows:
(i) If α > 0 let v : Rn+ → X be given by
v(x1, . . . , xn) = xα1

ϕ

1,
x2
x1
, . . . ,
xn
x1

+
∫ ∞
a
1
sα+1
f

s,
x2
x1
s, . . . ,
xn
x1
s

ds

.
The function v is well-defined, since by the relation ‖f (x)‖ ≤ ε, x ∈ Rn+, and α > 0 follows that∫ ∞
a
1
sα+1
f

s,
x2
x1
s, . . . ,
xn
x1
s

ds
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is absolutely convergent. On the other hand v is obviously a homogeneous function of degree α. We obtain
‖u(x)− v(x)‖ =
xα1 ∫ ∞
x1
1
sα+1
f

s,
x2
x1
s, . . . ,
xn
x1
s

ds

≤ xα1
∫ ∞
x1
ε
sα+1
= ε
α
, x ∈ Rn+.
(ii) If α < 0 let v : Rn+ → X be given by
v(x1, . . . , xn) = xα1

ϕ

1,
x2
x1
, . . . ,
xn
x1

−
∫ a
0
1
sα+1
f

s,
x2
x1
s, . . . ,
xn
x1
s

ds

.
The existence and homogeneity of v follows analogously as in the previous case (i) and
‖u(x)− v(x)‖ =
xα1 ∫ x1
0
1
sα+1
f

s,
x2
x1
s, . . . ,
xn
x1
s

ds

≤ xα1
∫ x1
0
ε
sα+1
= ε−α , x ∈ R
n
+.
The existence is proved. 
Uniqueness. Suppose that for a solution u of (1.5) there exist two homogeneous functions v1, v2 of degree α, v1 ≠ v2, with
the property (2.7). Since v1 ≠ v2 there exists x0 ∈ Rn+ such that v1(x0) ≠ v2(x0).
For every t > 0 the following relation holds
‖v1(tx0)− v2(tx0)‖ ≤ ‖v1(tx0)− u(tx0)‖ + ‖u(tx0)− v2(tx0)‖
≤ 2ε
α
and taking into account the homogeneity of v1, v2, it follows
tα‖v1(x0)− v2(x0)‖ ≤ 2ε
α
contradiction, since t is an arbitrary positive number.
(2) For α = 0 let u be a solution of the equation
x1
∂u
∂x1
+ x2 ∂u
∂x2
+ · · · + xn ∂u
∂xn
= ε.
Then (1.5) is satisfied and
u(x1, . . . , xn) = ϕ(x1, . . . , xn)+ ε ln x1a
where ϕ ∈ C1(Rn+, X) is a homogeneous function of degree zero. Let v be an arbitrary solution of the Eq. (1.3) with α = 0.
We have for t ∈ R+
‖u(t, . . . , t)− v(t, . . . , t)‖ =
ϕ(1, . . . , 1)− v(1, . . . , 1)+ ε ln ta
 t→0→ ∞,
hence
sup
x∈Rn+
‖u(x)− v(x)‖ = +∞.
The theorem is proved.
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